Week 4
Two-dimensional finite difference groundwater modd (Y u, 1997)

The following PDE governs the trangent, two-dimensond ground-water flow in a heterogeneous
aquifer:

T—) = —"
‘ﬂx( ‘ﬂx)+‘ﬂy( ﬂ) S +Q Q,

where T isthe transmissivity tensor, his hydraulic head, S is Specific Sorage, tistime, Q,, isnet
groundwater withdrawal rate, and Q, is a specid source or sink rate.

Thefinite- difference equations can be derived either from a physical method that uses Darcy's law
together with the law of mass conservation law or a purdy mathematica method that uses finite
difference gpproximations.

Iterative Alternating Direction Implicit Method

According to Yu and Schwartz (1995), Equation 1 can be arranged to be in afinite-difference form for
the column cdculations

ajh|] l+b h|]+CJh|]+l d]

where i and | arethe indices of column number and row number & anode, g isequa to (-Ti 1, 1), by is
equal to (Tiy . 2+Ti . 2+ Ti . 1+ i 0, 1+ SAXTYAHR ), G isequal to (- Ty, 1) and d; isequal to
[(SAXYAL) K j- Qi i+ Tiwyj 2Ma jk+ Tij 2 Menj + Qu+ R *h j + R * h j]. Risrecharge factor
(R= conduct|V|ty/(AxAy))

An eguation comparable to the above eguation can be written for every node in the three-
dimensond sysem to yield a set of n equations where n isthe number of columns, times the number of
rowsin each layer. Thus, equations can be assembled to form a st of tridiagona matrices, which are
aso diagondly dominant (Daq 0 $ O0ay0, wherek isnot equal to 1)
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where & and ¢, are equd to zero.
Numerical methodsfor solving the above matrix
Forward solution and backward substitution
An example of 4 by 4 domain for solving the matrix
Forward solution
ajhijitbjhij*cihi 1= d;
a thefirg ith column node, j=1
bihipt cihi2=ds
Rearranging the above equation results

_d ¢
hil—bl blhi,2

d, G

Make D, =E,C1 =— then

hi.l = I:)1 - Cl hi,2
Proceed to j=2
azhiit bhiztchiz=d.

Solve h , from the above equation



bhi; =d2- azhi,l - Czh,s
Replacing h 1 from the previous equation resultsin
b.hi, =d;- a,(D, - Clhi,z) - Czhi,s

Rearranging the equation, we obtain

_ d2- ale C,
i2 = b - h,s
2 " aZCI bz - aZCI
. - a,D c
Same as the above equation, make D, = Uz2- &0 o 2

bz' aZCl B bz' a2C1

We have
hi2 = D2 - Cz hi3

Using the same way, we can obtain

hizs=Ds- C;hig
and
hi,4 = D4 - C4 hi,5

Because thereisno h s, it equalsto zero. So
hia =D,
Backward Substitution
Because the h 4 is known now, we can subdtitute into equation for solving the h 3, then h 5, and h ;.
Computer Program
Segment 1. Forward solution

W=bb-aa* C(j-1)



C(j)=cc/W
D(j)=(dd-aa* D(j-1))/W



